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CONJUGATE NETS R AND THEIR TRANSFORMATIONS.* 

By Luthek Pfahler Eisenhart. 

1. A rectilinear congruence for which the asj'mptotic lines on the 
two focal surfaces correspond is called a TT^-congruence. When the tan- 
gents to the curves of each family of a conjugate system of curves on a 
surface form W congruences, the system is called a net R* It is the 
purpose of this paper to establish two types of transformations of an R 
net into R nets, called transformations W and transformations T. 

If A^ is an R net, each pair of solutions of two completely integrable 
partial differential equations of the second order determine a W transform 
N which is an R net; the nets A' and A" are on the focal surfaces of a 
TF-congruence, and either net is a derived net of the other, in the sense of 
Guichard. These transformations W admit a theorem of permutability, 
that is if A'l and A'2 are TF_ transforms of A', there exists an R net A'12 
which is a W transform of N\ and A'2. 

In a previous paperf the author established a theory of transformations 
T of any net whatsoever such that if A^ is a T transform of a net A', the 
developables of the congruence of lines joining corresponding points of 
A^ and A'l meet the two surfaces on which A'' and A'l he in these nets. 
In § 8 it is shown that an R net admits a group of transformations T into 
R nets. Moreover, these transformations admit theorems of permuta- 
bility similar to W transformations. 

In § 10 it is shown that if A' and A'l are W and T transforms respec- 
tively of an R net N, there exists a net A'l which is a T transform of A' 
and a W transform of Ni. 

In another paper§ we apply these results to the surfaces applicable to 
a quadric and show that the transformations Bk of these surfaces estab- 
lished by Bianchili are of the type W, and that the transformations of 
Guichard^ are of the type T. 

2. Differential equations of a net. If x, y, z are the cartesian coordinates 

* Presented to the International Congress of Mathematicians at Strasbourg, Sept. 28, 1920. 

tTzitzeica, Comptes Rendus, vol. 1.52 (1911), p. 107T; also Demoulin, Comptes Rendus, 
vol. 153 (1912), p. 590. 

t Transactions of the American Mathematical Society, vol. 18 (1917), pp. 99-124. This 
paper will be referred to as M. 

§ Proceedings of the Strasbourg Congress. 

i] Lezioni, vol. 3. 

H Memoires a L'Acadeniie des Sciences, vol. 34 (1909). 
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162 LUTHER PFAHLER EISENHART. 

of a surface S upon which the parametric curves form a conjugate system 
or net, the coordinates are solutions of an equation of the form 

A'L - ^%^ ^ _i_ ^ ^^^^ ^ 
^ ' dudv ~ dv du du dv' 

which we call the point equation of the net A''. This follows from one of 
the three equations of Gauss for S* From the other two of these equations 
it follows that x, y and z are solutions also of an equation of the form 

(2) v^ = r j-^ + a T — h -r- , 

^ ' dv- du- du dv 

where 

D" 

(3) ^ = :d' 

the functions D and D" being second fundamental coefficients of S. 

In order that two equations of the form (1) and (2) admit three inde- 
pendent solutions, it is necessary and sufficient that the functions a, h, 
a' , V and r satisfy three differential equations of condition. Instead of 
calculating these conditions, we determine the conditions that the more 
general svstem 

d-e dlogadd dlogbdd , „ 
dudv dv du du dv ' 

(4) 

d-d d'-d , ,dd , ^,dd , ,^ 

dv- du- du dv 

admit four independent solutions. 

Equating the expressions for d^djdudv- obtained from these equations 
by differentiation, we have 

where 

, d . b a' 

Ai = -r- log , 

du ^ r r ' 



(6) 



P lfld-a^,d. b , , a log a A 

Bi = -( —^—n -{- a -T- log — — b — 5 c ) , 

r\adv- du '^ a dv J ' 

_ 1 / d^ logj alogg alog b _^\ 

' ~ r\ dudv "^ dv du ^^ du ) ' 

D, = l(c'-^ + c''-^^ + '^-cb'-'/). 
r\ dv du dv du J 



* Cf. Eisenhart, Differential Geometry, p. 154. Hereafter a reference to this book will be 
written, E., p. 154. 
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Differentiating the first of (4) with respect to u, we obtain 

^ ' du-dv du- du dv ' 

where 

_ 9 log ct D _ ^' log Q , d log q 3 log b 

^'- dv ' ^' ~ dudv '^ dv du + '^' 

(8) 

C2 = r T~s^, Do = c T- log be. 

b du-' du ^ 

When from (5) and (7) we express the condition 

d_fdH\ ^ d / d'd \ 
dv\duO " du\du-dv)' 

we get an equation of the form 

where P, Q, R and S are determinate functions. If we do not have 

(10) p=:Q = R = S = 0, 

equations (4) and (9) admit at most three independent solutions. Hence 
(10) must hold. When their expressions are calculated we find that (10) 
is equivalent to 

dv du 

^■Si L ^ D L 'r^ ^^2 , ^ a log a 

-^ + AxC^ + 5i -^^ + 6 Ci + Di-^ + . -1001 + 02 ^^ ,. 

^-i + AiDo + Bic + Cic' = ^ + A,Di + Coc. 

It is readily seen that when these conditions are satisfied, equations (4), 
(5) and (7) are consistent, and consequently equations (4) admit four 
independent solutions. 

When we take equations (1) and (2) in place of (4), we have 
c = c' = Di = D: = 0, and the last of (11) is satisfied identically. 
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3. Equations of a net R. When the tangents are drawn to the curves 
V = const., the second focal net of the congruence of tangents is given by 



(12) 



X_i = X — 



dx 



d log b du ' 
du 



By differentiation we have 

dx-i 
du 



C. 



dx 



1 d-x 



3 log 6 V ^'^ dlogb du'" 



(13) 

where 

(14) 



{'-^) 



du 






= - K 



dx 



d log b \- du ' 



(^) 



_ d- log b d log a d log b 
~ dudv dr du 



With the aid of (5) we find 



du- 



= /Ai 



C, 



d- log b\ 3x_i 



d log b 
du 



+ 



1 



(15) 



dx 

d log b du 
du 

_Ci_ dx 
d log b dv ' 
du 



d"x.i _ d 
dv- ~ dv^^ /dlogb 



du'- - 

d log b 

du 

die,' 
du I alogb 
\ du , 



du 



-B,+ 



' Co \_C2__ 

dlogb ^' alogb 



OM 



du 



aa-_i 



/ alogb V ay / aiogb V- 



/ a log o a£ a log b ax \ 

^V "5^'' du du dv)' 

From (3) it follows that if the asymptotic lines are to correspond on 
the two focal surfaces, we must have an equation of the form 



(16) 



a-a-_i a=x_i , , ax_i ^ , , ax_i 



* E., p. 405. 
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From (13) and (16) it follows that a necessary and suflficient condition is 
that CiT = K, or in consequence of (6), 

(17) ^^=2^^^^^ 
^ du dudv 

In like manner the condition that the tangents to the curves u = const, 
of N from a W congruence is 

(18) ^=2 ^'^^^" 
^ ' dv dudv 

Hence equations (17) and (18) constitute the condition that A' be an R 
net. When these conditions are satisfied we have from the first of (11) 
that d- log r : dudv = 0. Consequently we have the theorem of Tzitzeica: 

An R net is isothermal conjugate. 

Accordingly the parameters u and v can be chosen so that r = — 1. 
Since a and h in (1) are determined only to within factors which are 
functions of u and v respectively, we have the theorem : 

The two differential equations satisfied by the cartesian coordinates of an 
R net are reducible to the forms 

d-d _d\ogadd d logb dd 



dudv dv du du dv' 

(19) 

du^ "^ dv- ~ du du'^ dv dv' 

The complete determination of R nets requires the solution of the two 
equations to be satisfied by a and b which follow from the second and 
third of (11). 

4. Derived nets. If A' is a net whose point equation is (1) , the equations 



(20) 



du ~ du' dv ~ dv' du ~ du' dv dv' 

dz^ _ jdz_ ^ _ ,^ 

du~ du' dv ~ dv 



are consistent provided h and I satisfy the equations 

(21) f^ =(;_/,) ^_Mi^, |L =(;,_;) ^_M_^ 
^ ' dv ^ ' dv du ^ ' du 

It is readily found that x' , y', z' satisfy the equation 

(22) .-^ = T- log a/i ^ + r- log bl T- , 
^ ' dudv dv * du du ° dv 
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and consequently are the cartesian coordinates of a net A'' parallel to A', 
as follows from the form of (20). Aloreover, whenever the cartesian 
coordinates of two surfaces satisfy equations of the form (20), the tangents 
to the parametric curves at corresponding points are parallel, and these 
curves form nets on the two surfaces. 

When the lines of a congruence H lie in the tangent planes of a net A^, 
the developables of H correspond to the curves of A^ and the focal points 
of H lie on the tangents to the curves of A", the congruence H is said to 
be harmonic to A'. Each solution 9 of (1) determines such a harmonic 
congruence. The coordinates of the foci are of the forms 

(03) X- — — X---* 

^-^^ ^ dj_du' ^ dddv- 

du dv 

If Hi and H^ are two congruences harmonic to A' determined by solu- 
tions Bi and d-, of (1), corresponding lines of Hi and Hi meet in a point M 
whose coordinates are of the form 



dx , dx 

X = X -\- p 

where 



(24) x = x + p^ + ?^^, 



1/3(9., „ ddi\ 1/ ddi ^ de2\ 

(25) 



ddo ddi ddi ddi 
~ du dv dv du 



dx 
'du 



By differentiation we have 

dx _ rd-x l/d'^didBj d-diddi \, 
du~ ^Idu- A\du^ dv du- dv ) i 

_ ^(d-diddj d'-djddAdxl 
A\du- du du- du Jdvj ' 
(26) 

^- r^-jg, l/a'giag2 _d'-e2ddi\dx 
dv~ ^\_dv^'^ A\dv- dv dv"^ dv ) du 

__ i/d'-didd2 d'^do ddi\dxl 

A \ dv- du dv^ du J dvj' 
It is readily seen that the functions di and 02 defined by 

^ ' du ~ du' dv ~ dv'' du du' dv dv 

are solutions of (22), the point equation of the net N' parallel to N as 

* Guichard, Annales de L'Ecole Normale, Ser. 3, vol. 14 (1897). 
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given by (20). We call di and di corresponding solutiojis of (1) and (22); 
likewise 02 and 62'. 

By means of di' and 62' we obtain congruences Hi and H2' harmonic to 
A'', and corresponding lines meet in M' whose coordinates are 

(28) ,' = ,^ + p'|:+,'|:, 

where p' and q' are analogous to (25) in ^1' and 62'. The derivatives of x' 
are expressible by means of the preceding formulas in the forms 



(29) 



X ov ov ax ax du du dx 



du ddi 802 du' dv ddi ddi dv' 

02 'T "1 -T — $2 7 61 T 

dv dv du du 



Since these equations are of the form (20), the points M and M' describe 
nets, N and N', which are parallel to one another. Guichard* calls A' 
a derived net of N. 

Since di and 62 are solutions of (1), we have 

^? - _ 1 _ j ^^Qg" I 

^ Jill 



(30) 



p /d-eidd2 _d-d2ddi\ 
A \du^ dv du"- dv )' 

^-( a ^_ ft ^\ Pfd'-diddj d'-d2ddi\ 
AV' dv' ' dv- ) A\ dv- du dv- du ) ' 



du dv 

dp _ d log a 

dv ^"Iv *" 

dq ^ _ a log?) 1/ d-di n d'^A q (d-d2dei d-diddjX 
du~ ^ du '^A\-du- "-du' ) A\du' dv du' dv ) ' 

i^ _ _ 1 _ ^log^ q fd'-diddi _d-didd2\ 
dv ^ du A\ dv- du dv'- du ) ' 

With the aid of these expressions we show that the point equation of X is 

5. Reciprocally derived nets. Ordinarily A^ is not a derived net of N. 
When it is, we say that N is a reciprocally derived net. Tzitzeicaf was 
the first to consider nets of this kind. If A' is a derived net of A', the 
tangent planes of A' pass through corresponding points of A' just as the 
tangent planes of A" pass through the corresponding points of A'. Hence 
the surfaces 5 and S on which xV and A' lie are the focal surfaces of the 
congruence G of lines joining corresponding points. Since the lines of G 

* L. c, p. 4S9. 

fComptes Rendus, vol. 156 (1913), p. 666. 
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are not tangent to curves of N or N, the focal nets of G are a second pair 
of corresponding nets_on 5 and »S. _Consequently the asymptotic lines 
correspond on S and S* and G is a W congruence. 
If JV is to be a derived net of N, we must have 

and the point equation of A'' analogous to (31) is 

(33) T— ^ = T- log app T — h T- log bqq -r- . 

Comparing this equation with (1), we have pp = U, qq = V, where U 
and V are functions of u and v respectively. From (24) and (32) it is 
seen that the parameters u and v can be chosen so that 

(34) pp = qq = c', 
where c' is a constant. 

When the expression (24) for x is substituted in (32), the resulting 
equation is reducible to the form (2) where r = — 1, and 

P , 1 , 1 "^p , / g , p \ a log g , 1 ap 

— a =— H — T — hi — — ) — K-~— H — T" » 

c p p du \p qj dv q dv 

(35) 



c q qdv \q pj 



a log b Idq 
du p du' 

By means of (30) equations (35) are reducible to 

fd-dx d^dx ,ddi 1 \ddo _ fd^e. d-d-. ,ddn i \ddi 
\dv' ^du- ~ '^ du ^ c'^'j dv -\dtf' ^d¥~^ du ^&^-)dv' 

{diet d-dx .,dex^i \de, _ /d% d"-e, ,,de, i \d9x 
{dv- ^du- ~ ^ dv ^c'^'Jdu ~ \'dF^d^~ " a7 + ?^V^' 

from which it follows that ^i and 6^ are solutions of 

au- at'- du dv 

In order that equations (1) and (2) with r = — 1 may have three inde- 
pendent solutions, the functions P, Q and R in (9) must be equal to zero. 
Since di and 9-. must be common solutions of (1) and (36), it follows then 
from (9) that 5 = 0. Hence from the last of (11) we have (17) and then 
from the first of (11) we get (18), that is A' is a net R with equations 
reducible to (19). When these conditions are satisfied, so also are equa- 

• E., p. 130. 
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tions (11) for (1) and (36), and consequently this system admits four inde- 
pendent solutions. 

If we substitute in (24) the expression (32)_ for x, we find that in con- 
sequence of (34) and (35) the coordinates of N satisfy the equation 

dH ^ d-^e ^ d , d~d , ^d . , ee 

(37) -^-^ + -r-, = 2 -r- log ap-r- -\- 2^ \oghq-T- . 
^ ' du- dv- du ^ ^ du dv ^ ^ dv 

From (31) and (37) it follows that A'" is an R net. 

We have just seen that if 5i_and di are independent solutions of (1) 
and (36) the tangent planes to A' pass through the corresponding points 
of A'. In order that A' be a derived net of A' there must be two solutions 
of (31) such that p and q are of the forms (25). The latter are equivalent 
to the condition that di and 6i satisfy the relation 

de dd 

8 + pj- + q^ = 0. 
^ du ^ dv 

Hence in consequence of (34) there must exist two solutions of (31) such 
that 

(38) -e + iip + ^y^.o. 

^ p du q dv 

Differentiating this equation with respect to u and v and making use of 
(31) and (35) we obtain 

^y^foAi 1 qd\oga\de pdlogbdd 

du- ~ \ du ° ^ p p dv ) du q du dv' 



d-d oalogaae /^a , ^ , l , pd\ogb\dd 



+ 2^1og6g + - + ^-^- • 



dv- p dv du \~ dv ^ ^ q q du J dv' 

By differentiation we find that these equations are consistent with (31), 
and consequently there exist two independent solutions of (31) and (38). 
Hence we have the theorem: 

// A" is a net R whose coordinates satisfy (19), each pair of solutions of 
(1) and 

(39) 1^ + P - 2 '-^^ '^ + .J-^if + ce. 

^ du- dv du du dv dv ' 

where c is an arbitrary constant, determines an R net N without further 
quadratures such that N and X are derived nets of one another; and N and 
N are the focal nets of a W congruence. 

Since equations (1) and (39) form a completely integrable system, any 
solution is expressible linearly in terms of four of them. Hence from the 
form of (25) we have the theorem: 
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An R net admits x 'TF transforms into R nets for each value of c in (39) . 
6. Theorem of permutability of transformations W. Let ^3 and ^4 be two 
solutions of the equations 

d-d d , dd a , ^ de 

T— r- = T- log a • T — h T- log • — , 
dudv dv * du du ° dv' 

(40) 

d'-e d'e _ ^ dioga dd ^eiogb dd , ^,^ 

du- dv- du du ~ dv dv ' 

where c' is a constant, and consider the functions 

(41) '^• = ^' + pf^ + «^ (^- = 3,4), 

where p and q are given by (25). Analogously to (26) we have 

du ~ ^\du- A\_du\dv du- dv du' ) 

dv \du du- du du^ /J J 

' ~ ^\ dv- ^ Aldu\ dv dv- dv dv- J 

dv \du dv^ du dV'JJl 

J d'^i^r' ^o ^ o idei/dd^d'-di de,d'-dA 
= 9J-a^+(o -<^)^^ + <^^^-ldu[-d^d^--dVd^^) 

A dv \ du du? du du' ) ] 
Differentiating the first of these expressions with respect to u, we get 

d^'Bi dej d . ,, , 1 (de^ d'di de, d^.V] , , , , a^. 

Making use of the expression (30) for dp/du, we reduce this equation to 



(42) 



dl 
dv 



d-e, ddiV d . , ,^ , 1 , g aioga l , ,, .dOi 

du- (9u Stt P P dv du 



-P^-^[{c' -c)d, + ce,]. 
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Also we find that _ _ 

From the second of (42) we get 
d-di qdloga ddi 



r \- I - - - T- log og + C5 1 -r- + q{c - c)^ . 



dv^ p dv 

With the aid of the expressions (30) we obtain 

T'T + TT = 2 r- log ap 5 H 2 -r- log 6g 3- + c di. 

dw dv- du ° ^ du dv ° ^ dv 

Hence the functions 63 and ^4 determine a W transform of N. The co- 
ordinates of this transform N are of the form 

.,„, , , _dx , _dx 

(43) x = x + p^+qj-^, 

where dx/du and dx/dv are given by (26), and 

^^IV'-d^-^'-d^J' '-^IV'd^ - ^^a^j- 

(44) 

- dB i dds ddi ddi 

du dv du dv 
From the above expressions we find 

7 / / X /". ^^4 „ dOA , /- ddi - dOA 

_p\ J(dd2ddi_dd2.dei\( dy_i_ d^e3.\ 
~ A\^ l\du dv dvduJV'du' ^'du^j 

^V'du *du )\ dv du' dv du' J 

,... f^de, ddz\(de2d'ei ddid'e^V] 

^^^^ ~y'J^~^'J^)\d^duF~ du du' )\ 

\(dezde, dd,dd3\{ . d^d, . dy_2\ 

^nUtt dv ~ du dv JV'du' ^'du' ) 

>( ^^A_ de-2\f ddi d'di deid-e3\ 

\ ' du ^ du )\ dv du' dv du' ) 

_ ffl ^_ fl dS;\( ddi d'di _ddid'dA'\\ 
V ■ dv ^ dv )\du du' du du' J] I ■ 
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By making use of first of these expressions for A, (24) and (26), we 
reduce (43) to the form 



,c' - c 



(46) 






In consequence of (45) the expression (46) is symmetrical in c and c', and 
in the pairs of functions Qx, Qi and ^3, ^4- Hence the net X can be obtained 
also by applying to .V the TF transformation determined by 6% and ^4, 
and then to the resulting net 'N the transformation determined by the 
functions 

du dv du dv 

which are analogous to (41). _ 

When c' + c, we have that A" is a W transform of A' and A". Hence: 
If X is an R net, and A'l and N2 are obtained from N by transformation's 
Wci and TFcj, there can be found directly an R net Nn, which is in relations 
of transformations Wc^' and Tr^/ with Xi and X^ respectively. 
When c' = c_^X coincides with X. Hence: 

// an R net xV is a W transform of an R net X by means of solutions di 
and 62 of equations (39), and dz and 6^ are two other solutions of (39) inde- 
pendent of 61 and 8-2, then X is the W transform of X by means of the functions 
(41). 

This result is a proof of the theorem at the end of §5. 
7. Transformations T. If A' is any net whatsoever with its point 
equation of the form (1), and A^' is a parallel net, defined by (20); if also 
d and d' are corresponding solutions of (1) and (22), that is in the relation 
(27), then equations of the form 

6 , 
(47) Xi = X -j,x 

give the coordinates of a net A^i whose point equation is 
d-e d , ardd d , ba d6 
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where 

(49) T = hd - d', <T = Id - e'. 

The developables of the congruence G of lines joining corresponding 
points of N and Ni meet the surfaces on which these nets lie in the curves 
of the nets.* 

If N' and N" are two nets parallel to N, defined by equations of the 
form 

^^' — h — ^•^' _ 7 ^ . ^•^" _ ^ ^^" _ 7 ^ 

du ~ 'du' 'dv~ ^dv' ~du~ -du' ~d7~ -dl'' 

where /ii, U and ho, U are pairs of solutions of (21), if di and d-y are solutions 
of (1) and di' and 62" are the corresponding solutions of the point equations 
of A'' and A'", that is 

du ~ 'du ' dv ~ '" dv ' du ~ -du ' dv ~ ^- dv> 

the equations of the form 



(50) Xi = X - ^X', X2 = X - -pyX' 



^ / ^ 

T/X, X2 — X ./ 

h "2 



define two T transforms, A^ and A'2, of N. It is readily seen that the 
functions 

(51) ^12 = 62 — Q~i Si , ^21 = ^1 ~ fl~77 ^1 , 

where 

^'^^^ du ~ '^'du ' dv ~ ^' dv ' 'du~ -du ' dv ~ - dv' 

are solutions of the point equations of A'l and A'2 respectively. 
Furthermore, equations of the forms 

6 " do' 

define nets A^'" and A"2"" parallel to Ni and A^2 respectively. In fact, 

dx,'" _ dx, dxi'" _ dxi dxo"" _ 3X2 dxo"" _ dXi 
du - ^''du ' di' - '-'' dv' du - ^'-'du ' dv - ^'' dv ' 



* The results of this section are established in the memoir M. AVe say that G is the conjugate 
congruence of the transformation T defined by (47). 



<Tl 




Tl = hidi - di', 


(Tl = lidi — $1 


he.' - he." 




<j. 




To ^^ fl2^2 — P2 J 


<Jl ^ '2^2 — v2 
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where 

, h,e,"-hdi' - _ hdi" - kdi' 

"12 — , '12 — 

ri 
(54) 

"21 — , '21 — 



Also if we write 

(,00j t/12 — (72 /J / t'2 , ('21 — fl ^1^1 01 ) 

t/l (/2 

we have 

It is readily shown that the following expressions for X12 are equal: 

_ ^12 ,„ _ ^21 ,,,, 

3'l2 — ^1 — n n/^l — ^2 — a II" ^2 

"12 "21 

These equations are of the form (50), and consequently a;i2, 2/12, ^12 are 
the coordinates of a net Nu which is a T transfrom of A^i and also of A^2. 
Since 62' and ^1" are determined only to within additive constants by 
(52), there are =c- nets A'12 which are T transforms of both A''i and A'o. 

8. Transformations T of R nets. Let X be an R net whose codrdinates 
satisfy equations (19). A parallel net A'' is defined by equations of the 
form 

where X, n and v are determined by the condition that (20) hold. Making 
use of (5) we find that X, /x and v must satisfy the system of equations: 

6X _ d log a {}l^'^ _i_ o d log a d log b d- log a 

du ~ ^ dv \adv''- du du du^ 

d log 5 d log a 



- 2 



dv d 



V 7' 



(57) 



ax d log a d log a /^^ log a d log a d log 6 ' 

-r- = — X — 3 — — 2/x — z- - 
dv dv du 



/ d'^ log a a log a a log b \ 
\ dudv dv du ) ' 



_ / d - log b d log g 5 log_6 \ 
\ dudv dv du J ' 



du _ dlogb fd-logb I 5 log a a log 6 

du du 

^ _ 7 _ \ ^ ^og j 9 a log fe »; a-fe 

df ~ aw ^ dV b du- ' 

dp ^ ^ito ^^ ^ log a 

■r- = — X — ;' T— log oa-, — = n — V — . . 

du du ^ dv dv 
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From (47) we have by differentiation 






and 

dhci 






By means of (56) and (58) these equations are reducible to 

dvi- ~ \du ^ s'' V ) du V IT dv a'- \ du'^ v du 



(59) 



2£i_£;/^5_log_a X\a£i /a crb'^ mN^^^i 
Jt;2~TV du '^ vjdu ^{dv^^^d'- ^ v) dv 

'- l_3i'- \v du J du \v dv J dv V J 



<TX 



From (19) and (48) it follows that Ni will be an R net if 

(60) T-;r + -^-^ = 2 — log ^ T h 2 T- log TT -T— . 

' du- dv- du ° 6 du dv ^ 6 dv 

Consequently we must have 

d at d T Xo-/ d log g X \ 



(61) 
and 

(62) 






du- V du V dv V ~ V ' 



dv' \v^ du ) du \v^ dv )dv^v~ p' 



where n is a function to be determined. 

Equations (61) are reducible by means of (49) to 

(63) ^=(Z_^)(>i + 2^>^-«). |i=a_;,)M. 

^ du ^ \i> du J dv ■ V 
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The function (/ — h)'p is found by differentiation to be a constant. 
Hence we have 

(64) I - h = mv, 
where m is a constant. 

If the first and second of (62) are differentiated with respect to v and 
u respectively, we find that n is an arbitrary constant. Adding equations 
(62), we get (39) with 

(65) c = mn. 

Equations (21), (57) and (63) form a completely integrable system. 
If \, ju, V, h and I are multiplied by the same constant, the equations are 
satisfied and .V is replaced by a net homothetic to it, but the transform 
A^i is the same. Hence there are four essential constants, and m is deter- 
mined by (64). When one of these nets N' is known, each solution of (1) 
and (39) for a given c and n given by (65) determine the function 6' by 
means of (62). This transformation is unaltered if 6 and 6' are multiplied 
by the same constant. Consequently the function 6 involves only three 
essential constants in addition to c. Hence: 

An R net i\' admits oc* parallel nets determining congruences G of trans- 
formations T of K into R nets A"i; for each congruence there are x* of these 
nets Xi. 

9. Theorem of permutability of transformations T of R nets. Let Xi and 
A'2 be R nets obtained from an R net X by means of transformations T 
for which the functions are X,, fjn, Vi, hi, h, nii and n,- (i = 1, 2). We 
desire to find the nets Xi-,, as defined in § 7, which are R nets. 

From (51) we have by differentiation 



dd 
d 



and 



d 



u - e/'\ ■ du ~ ^' duj' Tr - ^^"^ V ' 37 " ^' 'd^J 
9w"- - e/' L ' du^ ^' du^ + du ^""^ e/' \ - du ~ ^' du )\ ' 

di- Bi {. dv- dv- dv ^/- \ dv dv J } 



du 



From (60) it follows that the equation analogous to (39) is 

.pp, d'-ei2 ^=^12 d an ddu , ^ d . bffi ddi, , . 

(66) -r-— + -r-^ = 2 T- log 7-7- -z h 2 7- log T-r -5 \- Cidi-,. 

du- dv- du ^di du dv ^ di dv 

If we substitute the above expressions and take 

(67) Ci = noTHo, 
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the resulting equation is reducible to 

.[(^.-^'S)l^+('"-''v:)t-'-"S(»=-«] 



m 
(68) 



+ rii — ilihi — hhi) + (niVii — mi)e<i = 0. 



When in like manner we require that 

we obtain 

(69) ^^ 

+ nx — {hhi — hhi) + {riimi — 1712)61" = 0. 

For the net Ni", parallel to A^, as given by (53), we have 
/-rm /// ^ "5X1 , dxi d'-xi 

(70) ^1 ='^i^a^ + ^i^a7+''^^a^' 

and the functions hu and In are given by (54). The equations analogous 
to (63) are 



dhi 
du 



- = {In - M(-+ 2^1og^j, -^-=iln - M-. 
On substituting the expressions (54) in these equations we get 

(71) 

U12 — /I12) = I WljUl W.jUo I . 

»'12 O'l \ Cl / 

Equating the expressions (53) and (70) for x/", we get 

^ axi , axi a^xi / 0i". \dx ( e," \dx 

^ ( Or" \d"-X 

This equation is consistent with (71) when (69) is satisfied. 
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The equations analogous to (62) are 

^-^12 _^ x„ de,, M12 de,, e,,'" n, „ 

Oil- Vi2 dU Vl2 dV fl2 J'12 

dv- \ Pv2 ^ du '"'' d, ) du \ VV2 ^ 'dv ^°^ ^i / dv ^ v,2 



— (''12^12 — ^12 )• 

These equations are satisfied also when the above expressions are used 
and also fol) and (55). Hence the problem reduces to the determination 
of the conditions when (68) and (69) are satisfied. There are two cases 
to be considered, according as mini and minn are equal or not. 
When mini = initio, we have from equations of the form (62) 



/Xi \i\dd^. / 111 H2\dd.2_ei' 
\vi Vi J du \vi Vi ) dv vi 

/X2_XiV^2,/^^_Mi\^_^ 
\Vi Vijdu \ Vi vi) dv Vi 



+ 



- -"^M2 
Vi Vi 


- Si') 




- ^ (uei - 

Vi 


Vl Vi^ 


- Si") 




- ^ iliOi - 

Vl 



'), 



In consequence of these relations equations (68) and (69) are satisfied 
identically, and consequently each of the 00 2 nets A'12 is an R net. The 
determination of these nets requires the finding of di and di" from (52) 
by quadratures. 

When miTii 4= mitii, we find by differentiation that the left-hand 
members of (68) and (69) are constant. Hence when Bi and di" are given 
the expressions obtained from (68) and (69), the resulting A^2 is an R net. 
Therefore we have the theorem: 

// N is an R net, and Ni and Ni are two T transforms of N by means of 
functions di and 8^ which are solutions 0/ (1) and (39) for the same value of 
c, all of the x- nets Nu are R nets, and their determination requires two 
quadratures; when the constant c in (39) is different for di and di, there is 
a unique net Nn which is an R net and it can be found without quadrature. 

10L_Permutability of transformations W and T of R nets. Let N be any 
net, N its derived net determined by solutions di and di of the point 
equation (1) of .V, and .V3 the T transform of .V defined by equations of 
the form 

— _?i_ '" 

03 
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where 83 is a solution of (1), and N"'{x"') is a net parallel to N, so that 
dx'" , dx dx'" , dx 663'" , 863 663'" , dS 



du ^^du' dv ^^dv' du ^^du' dv ^^ dv ■ 

If di'" and 62'" are defined by 



du ~^du' dv ~ ^ dv ' du ~^du' dv ~ ^dv' 



the functions 

6 9 

(/3) ^31 = ^1 — ^-777 ^1 ^32 = di — 3-777 di 

(73 U3 

are solutions of the point equation of N3. They determine a derived net 
iVs of N3 whose equations are of the form 

f'?A\ - , ^^3 , dX3 

(74) ;,3 = ^3 + p3__+53__, 

where 

1 /„ ^^32 „ 553i\ 1 / ^^31 a ^ly^\ 

P^-A^V "1^~ ''^^j' '^'^I'3V''~d^~^'''d^)' 

_ 3^32 3^31 5^32 3^31 

' (9« 5v ^f du 

From (73) we have 



ddzi ^3/13 — 03 






Also we have 



d'u 63 . 

,„ (^' = 1> 2). 

ddu _ 63I3 — O3" ( ai't^ _ a III ^ A 

dv ~ 63'"' \ dv "' dv)- 

dxz _ e3h3 - 63'" ( ,„de3 .,nd_l\ 

du e/"- \ du ' duj' 

^~V 'd^~^' d~v)- 



dX3 ^ dsh - 0z"' 
dv 



On substituting these expressions in (74), the resulting equation is 
reducible to 



+ 
+ 
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'^ -\du dv du dv ) "^ ^\du dv du dv )j 

(To) + ~ [ {e,e,"' - e,e,"') ^ + {e,e^"' - e,e,"') ^ 

(M." - M3"')|^+ (^1^3"' - Mi"')|~]}, 

' \du dv dv du J ^ \ dv du du dv ) 

4. a "I ( ^ll ^^ _ ^ll ^ll\ 
■^ ^ \du dv dv du )' 

In § 4 it is shown that the equations of the form 

dx'" dx'" 

^ du ^ dv ' 
where 

p -^1 ~ar"^^ "ar- « - ^^ ~dr~^' ~d^' 

in •\n HI aa 111 •>/! /?/- 



where 



\ du dv dv du J ' 



define a net A"" parallel to A''. The functions 

^i - Si + PJ--+ q-T-, 63 -03 +p -^—-rq 



du ' ^ dv' "^ ^^ ' ^ du ' ^ dv 

are corresponding solutions of the point equations of N and N'". Hence 
expressions of the form 

^3 .,„ 



X — 



h"' 



determine a T transform of N. When the above expressions for these 
functions are substituted, the result is reducible to the right-hand member 
of (75). Since Qy.'" and di"', as defined by (72) involve additive arbitrary- 
constants, there are w^ of the nets N3. Hence we have the theorem: 
If N is a derived net of any net Ni and A^3 is any T transform of N, 
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there can be found by two quadratures w^ nets N3, each of which is a derived 
net of N3 and a T transform of N. 

We apply this theorem true for any net to the case when N is an R 
net. Let N be the R net obtained from N by two solutions di and d^ of 
equations (1) and (39), and let Nzhe a T transform of N in accordance 
with the results of ^ 8. From equations analogous to those of § 9 it 
follows that the functions (73) satisfy equations for N3 analogous to (39) . 
Moreover, if 6^ is a solution of (39), then di" and 62" are determined by 
quadratures and involve additive constants; but if dz is a solution of the 
equation obtained by replacing c by c' in (39), then di" and 62'" are 
uniquely determined. Hence: 

If N is a W transform of an R net N by means of solutions di and $2 
of (1) and (39), and N3 is an R net which is a T transform by means of a 
function 83, a solution of (1) and (39) with c replaced by c', there can be 
found directly a unique R net N3 which is a W transform of N3 and a T 
transform of N; when c' = c, there are 00- such nets N3, obtained by two 

quadratures. 

Princeton University. 



